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IS^ # # (Hit <W KSP '^ ISd t i * itSf IB* 4Bftf 
I ttkrWrni? ocst^Uf ^h&t t&o t70i?s of ^^i© tijooitjo 
oittooj^ pGK l^y OS? f ndly^ feao not hom puboittoa to fsiy 
ofjfeoie iiicjtjiSB i^OJa fo5? tho cffloa^ o &t a$^ o^tior aocifoo« 
C OOSf CSTOO tfe£23? ) 
Dijppttmsnt ci MathematiCB 
/ i l ig r th \ u 1 Ti ! Diversity 
A . I A s <-y 
THESIS SECTJON 
so*s mmmn m msmnmmwi 
OF ta^OSCEISffHU SSESS 
I ea.^ fea% 1 ^ ^ i»i^i^waii^ t# mgmmm m t l i « t» ^ 
miM eimwfemi^  ®«50©Hi?e@o^ iit aisfi help ttswugfeoist t^ r^ imms^woth t»ft!^ 
( I f 5 
l4a^ t»»t: sot tb« le&^t* I @|^ p2%Kiicit« fhe ^tti&UM m:^ 
? U S f & C B 
M» ( M « » Wfc ItW «K « • 
fSNsf^ fl©^ B*gg»K^y i^tiafe@4 tli# Al^wsslsa of tMe psjefet^t* 
t&tcfc t mmt l>et» teSf® #lae# 3mm^ lff9 ^ %l» ^^ l^ mgU I3te^ii8 
ffes ^ « ^ « ^ tt«^l# ^m%ptt^B 0f oig:M ebapf;G!?o* hH tite outset, 
olKi^tos^ Hair© 'bmn casfciiwsDiS* Clic^teip I ia iistffoaisstofy ta 
m-taf^ aaa giiroe o%te^ f^ j^se^sfi-j fetiuitioits ana fa^tatieo© uegfi 
C n > 
tifeieli g«!»6»alte@8 a tlJ#o»^ of So&0« tli& last si^ e^ pfe^ r isf fea^a 
f t^ Xo$©iE ao^ioa <«? tlte l^t^t-© csaeeraic^ the pc^ cre© 
aecoptoa for j^n^li^satiofi as??! tmlGtmB^ besjo^tb la t ^ aj^afilsi 
ct the eaS of thsi tosite 
(tm mt m^ •*!>> mit- mn mt timf 
. i i^m mm. 
III mtmnmrnwi m sgH s^mto®?i:i sti^ ii».. t ^ ^ 
msmmn **^  »^« 5t-^a 
* » ' « # « « # 0 « « * # # » * » « • « • « • » * » * » » « » & « 
toss OS comsifioss 
1 
A few ci>iw««fctos»t 120% «aj>la®sis«5§ la th& 0$>mqms^ cli®pt©Fe 
of ttm thmtm ap» stated h6s&^ 
g, weltt0» witlioot llaifes, !i3ts:Aiyr flcjootes £ t or Z If 
o 1 
For Qcir ii^ <l^ sm© ^Ojj'^  
If k i s cm iiitegeTf 
fcsy ail?' fmcstioti PCx)t w& writ© 
o 
•latJsatelF* a© In * Qjj > o titimatety^ m o^im for ^ l 
B33& »ia3ii!ea®&«* i^ !^ <Qec®esi3os*t «e HE© tfeo sg^ol© 4^  ana 4^ 
l i t Catfe)** 
K f ie Q f tmatioa tdtfe psiiofi 2ti clJiefe i© io I^ i^ ©r soa© 
t ) 
p ^%f thxjn t^ itAG^toS. Qoauli:0 of Qoattauity of ttm^ orSca? 
^OEtiimlty of ©jpesFs^  ft ^ f fe:> t o J^ i s aefiisoa as 
f3lie3^ 
aoa IU t k fionofeoo t t o TOiffi 1» lv>" 
(or tdtboist it)# t!Bm esefl t o aeoot© posiSiw ms^^m iuaopen^at 
of ttio irai*lcibl0 uoaoff c^fBiaeratioUt feet tssm aot !3e©e«»©aafily tfc© 
©CD©* It th&f tepo?^ on ©«30 mi?ca0t0r tfcey are sufflsed tjjr tliat 
I f 4> > D, tfceo 
1^1^ ^ i^^t^N/ iCf tim& for the ja:©t3^totle ssMee*, fec^ 
Ws af^ 0Oa3©s«9fl ^ t l i "Kj© fofsaX eoslno saa s i i ^ eerie© 
i * 
fos^aal) CC^JUJ© ©©offiel4^i3fts «i0t5slati3a t?l%ti f» b^ ^ m^ sit® 
ons G© ore tad^iE^ ^otsl;i t^ ^o eoo^^cioab© eososlistea ssitfc ^ 
or© ecnoSea ^ J ^ CcAth tho coisrefs^lcHi tfeat t)^ « o» but ' l t i j j \ 
5 
d0o«mi®sst <^3» mms^Xm, t»an ttiat \jb^ a©amsi5o» l^oe K on). 
li. foisEisr sis© Of  omism mrt^Q i s ottasrstet^ to m^m Urn 
foiaelei? ae r i^ of a Cl^e^a^) tflfeegstA l^e fiajotiQii, 
««ft«M6 » « * » » « * i 8 ^ # * * ! «•»• 
G 
-Kfrarif'^ii-lM-iii.iiT 
taafi©* irixrl.mj« etesuiBStQiK^s sm ©oult lils© to st;^ p<iise that t i e 
One l e <jof^ roiE^ ©Q 0it^ tos qviQ^Amm 
»^ \«)EQai 0atlicsiaticictiao haw otajfllsa tliece fcypoo of prcSilaast 
7 
-dhtxt %m mm tera as i s t e g r ^ i l i t ^ pKa>l©;3. ^rotemov B*s:^ -Sag:r 
of tliu l^Qgrs^tii ty of f imctioi3s TQ-^omtit^ hs' t3?lgoaoc^tr-ie 
sex^oQ. HI0 2@ottlt8 tmvQ ptjbll^ed t s tfee s^aw t^% f?4f^ 6 then 
a »G#etr c€ pspes^ to-^e Qj>p©aT®fi »» th is tspio Qiwl 'ric^ ls t#s^^l i^ 
obtaiast "by ^m mMtm^^ Ife tis^ m® a^nl^^te to giv^ lies© « ^ 
nonotcaiQ If 
a 
fs=r soQO ooostfant a 1 o SE^ n > a^M • tJ© ®a^  etippoea ct to "be 
I ) Seoos p-]-
8 
^ % a:c> Ch « ©• l» 2* »*. >. 
1 ) ^K3& & ) . 
2) B? t^3 [I] 
9 
h mqwiBm® {^\^ ^^^ ^^ ts©loii?3 to tts© slas0 ^t ©^  
©f mn^eim {%^ ^^-b t ta t 
fe) lAs^ t ^ A|^ » f « cAl It*^^ 
1%}® B(a>t If (l.a.3> Mias t3itti ttis <sooaitio» (a) 
tit^MMumMititm m 
t) ^mon [I] am 'SGi^mmmix p.]. 
10 
(a) »epXco©a "by J 
1%*^  e B?jj» s f 
est 
tmtgiu will 1&© «iali©ft a© <^liett fwEietlaja (0*P» ) . 
FiiOQtitm $ € OF IG ©aifi to imttsf^ A ^ osnfiiticii ( G > oj 
that J t o > 1 0 $CG)# tt ^ ij^ for ©imgy e > i . 
A Qmsm& cellos ftmsitioii $ satisf^lag tb© conflitioiw 
U " * 0 U O •*«» ft 
t s ei^lea a tou£g fcisctlcm (ir,F»5« Fta.«3tioa | belong to fF 
i t ana only if, it: a toi ts a ^©ptieeettfestlon 
a 
o 
11 
^ -m itt 
for a l l . stF* 
12 
fa «* 
1 IS . e a 
^ 2 ^^ ^ net 3«& *^  
for «&© li3!&fig*«&il.3Hgr ot tfee ISmt^ ©f t i s s^ 2^3©* 
g^fe) ** T, r W * g aC5> c©s Sac I 
1^ 01?© %$m ate) tt o i i r f iAa(G)j t o* ^ ^ n 
Jti ** *** 
(i> d fe) ** I t e % & ) oslets for IE e Cot^ 3* anfl 
JJ, "* <S* 
«» 
CI J.) 0* e L* [o.ti] i f ca3d oal^ if Z aCa) < «, 
1.-^ 
gM « Xfe S I ^ A I L * E A a * so® te j 
theses t^ ©loess's ?5Ca> ©ssfi SC6)* 
Boas (4] tos estobUtt^a tij® foXlow4as tlieoisesig fosr toorisr 
ofelcti bsw© l>e©a sj^a for sioi lcr psctolet® c^oot Fooid»er t3si?l©©» 
nie isstboa Bepeam on ttm Pte-B&M^n*© vBTmton of Joofsea*© 
1.4 
'^oomj c^  m tiz} 4,0^ s^ ^^  ^ i^ Co,i>t cma 
1?(s) * - — - / f Ct) etu at m 
n o 
Itioorea B^  lot f fe) %e tl© eiiKs tranr^osn 0f f fe)* If 
^*/P f (g) ^ I* (otl) ttscS 00!? t>0 Qoa i^csaaa tjocaao© i t 1© alsiea^ 
IT 
% t m^ S i s ist 
e^ 
S*^f fc) e I^COt «> 13t^ «G ^ > 1 CIS0 -1/p < 9 < V|». 
IB 
0Gm&wiiitiQ Integral -tm^km I*f ©s^^tttcitr of tteg f to^ ©Ms? 
#'^  «%' /^ ^ r®^ ^^^ »W^ 
3^^1i^tm» vt i t te trtaitm t i n t ^t© »OfHiitte issoaa for C ' l ^ ^ ) 
teafio l» ©OS?©* I f t3o TO^XSOO % 4^0 15fy fete ioo© o^^Sa^an^ ^^-^ 
i? 
to "bo ^aacl*cioac^i«s* 
l i t ) (j^"^ i s a e©w< t^ <as^  
IS 
18 

J9 
Ca) % ^^ <> « 
«s 
•fer> I A o ^ I 1 i^» f«^ ^ 1 tf« 
c©3?t3E o©^»oi»o I %'5 ^^1**°S» ^^ ^^^ class S* 
Ifefas olcicio S 0? ^s<|aofi5e0 teas ^eeeafcly Ijc^a fffirtfocjy 
c^ ^ ?=JCSJ i f C2Jt.l.> bolfis i3ltli ocmaition Ca> jpeploooa fey : 
£^ C n(6> if Ca,t,l> lit>l<ls ?Atlx ttsD coaattloim Co) 3?©s>loisoa hf 
20 
S«,Cs) « £ 1 — - ^ S a(3) coo te I 
wli!3»@ t la aCn) » o tied /^a(a) 1 o» t!fce© 
Cii) 8 e L* foti i] 4f Q M only i f S GCQ) < «> • 
13Pl 
2 1 
QO f o l l o w s ; 
isdUje© f o r s € (o,tsJ aaa s t liC<J»ts)^  
^ i ^ itt loe^ ^ t i l t s Ql^feei? 4c t # elim? t l s ^ sooatticai f?C6> 
gCs) » tin t 11 Aa^* ' s A Q ^ COS tm I 
n -•»11*4 I *^  **^  |«^ «' i 
«2ii0la tor s 0 (0,13} oud gCa) e 2»(o^ts). 
£ S ^ i ^ cAa Ck* | k « *-*— csieto f o r 
22 
2*4 "S^T ttm pTQof ©f tfee ci^o^ t&cu-B^^ we j?eQE4f^  t t » following 
^ ^ nils ^ f | ) s 
i^^«i e i® a p©sjltii!^ ^ e o l o ^ eoistai^* 
fe«t *^  
c..«.) 
feel ^ 
g„(x> ** S f I Aa.* S Aa* COB lex ( 
lc«t L « "t 3«^ 
** 5^ I ^ ^ \ ^ "^  '^ ^^  ^* ^ t a^^ *^ I %-^t 
Wskixm oam of lb»l.»» tx«Kdr<»psi»t4oa# WB t^tslo 
9 .4 1 
40© as 'S- .*» * coo feE» 
I 
c^tsfcu fo r « I* e» 
ttsan tfcs msims IS A cw %fe> ©ois^i^o^ Bern© %tn a#%fe> 
ts <» AiO| 
tt *» . Is A Q 4 
1 S I A i l I / I S - - * . D. (K) fas 
2Ti 
Bsijou fi^n fhoersta i» St fallsiis® aitssetl^r tisat — « ~ €^iiits for 
f^eie eocjpletoe the proof of fteo&rss 2* 

2B 
^ i ^ t i o n 0»4f ^ * ® ^ &-.*» ai«i them ^z$me &. mqmtsm 
1%} »aJ3ti timt {^^ io «l»aei-«^ mi»t<»5o» 
2 7 
liatJQgsxsfoiXi^ of ^ 0 l i ^ t Q£ &*tj.h 
t i ta i oonaiticwi S«> ft© EsuffSoicsfe f o r t l« j imospe- isbi l i^ of tta? 
l l a& t of C5«t*l)* 
o fe) » i l o X 1 1 A e - * g A a . cos fes 1 
©Kiols fop s e (os«3 aoa s ^ 5 C^  l»COiriJ>» 
(3*1*2) a A c ^ « oO.) C i t t - *«»L 
o f eotpQs^ s® ^Qgi'^  ttmn tfect of fea'^ eoadititm 0<^ » 
a «8 • ,.,ni I .„i,i...,nMWiM ( S « l » 2 * p » « ) 
I A^ j j^ l ^ (o less ( Q * I ) * * > ma 0> Z IAQJ^I ci o . 
28 
**l2io 4a fomt contradicts «&RSiti«» CD and (2> c^ n«>, Oa i ^ 
$,m%^i&m ffl^e ^ issral elas0 of «m|Bei»co> 1© oiafficieuu for 
ffe©a 
$^3 ^0 iES2ijt3Lti?o tfco foUi>s7ifj§ ti»-Ki flip ^© |8^«:€ o^ Ota? ttoorso^ 
Tfecn 
29 
^b{!3l 
im 
3»4 ^ ^ J ^ J H ® J ^ f s t ^ * f@ liaife 
•^^ I ^%* ^ ^ % <^^ -^^ H".! \^>* I «^ 1 
By tte© use of Jfo«X*« ti?«issfor»iitJ.^ cs# f«i Gibtat» 
* ^<%^>* I>-%*1 I^a^>-V I %*I 
ifWl 
" s4'^'^^** "»"'•''^ "n^ ^°^ '^ 
30 
^i^^^i^, ^ » i » te« tn) W^m m.m^m i^^n mmu mm^^ 
C3 J , 
L 2 
!crj f o r tfao JateipeegitU^ of C & H «e torn 
12 o « t l 
« I £ C^ l ) A ? ^ , siiK© / i?j^ C«5^« g^  
31 
hy\.'v>l'!^\m of Isjoa* 
Psoof* FJ^ Da C3,4-,l) m hwm 
«t» 
2 0iii I 
op 
,iiieitiHJ®aX']KT CX4SS <^ S U B f^&usfOKS 
a'^  c 
6oi^ to &^%^-'$ £^2 csQt^itioa for laEg® © if tli6»& ^KJ 
^ > a \&fe) " ^ ^ 5 fore l lSjF* 
4»2 Boss [4-3 tei© ocfti^li^©-a t&t folio^ag tfe©0i?e3 for Foupicr 
tfmt feOTo l><K>» ttojQ ^ flr efeSior prciblom d^s*^ Fooric^ se2l©6* 
Hi© ^ttiod o^p®aias <m tij© stoffonson'c trcsrolon of Jct^^m's 
«» 
33 
I*C% «»>» i:Si!Qis2f $fe) i0 a eoi!S?eji ^M,Je» £«»cti'!»ii. oat t i d i n g J^%. 
n nm ^o tmmt;^& ffbat tmt "^C | 5 « s*®t -1 < a < 1 m 
sot tlieo^^B^ 
a 4 
Iigoaa I C3oa©# J p » p ] ) ^ l o t ^ l>o Q ?a«ieifti©ja of tit^n^©^ 
i ra i r i i i t i ' ^ oa ©vesy f l o t t o ou^iot^iwal o f Cog, «,)i^  XM s. %M 
f o r a l l E > o# cms XCo> < A « stip %fyi)m 2fet r f e ) Se^jpoa^s i ^ 
o 
y\ \ ^ C ^ o... 
^ o m 
tji^mm 2 ©oGS» *:r» p]»&#S8)^ I f g aaS B aees^iyi© to 0 oa 
C% « ) aaa IE g6E)i^ 30 Cs) € :&C9«l), ttmk E ly ) ^ ^ ) ^ x«Co, »} 
Mf gMQM C ^C% " ) ana fiE^s^^cO-'o f omo la 
o o 
4»5 I S ^ J C tfe5.tlj§0|«2nu S?alslf® Xfe) « I » ooo K^ A** 2 
a « ta (4.5,t) $ ( | / f fe) ©iB « ai ) JS I / fCffc)) olnsr m« 
iB positi^«jp 1% holloa© ttiat r l c t i t tana ©ia© i e s^i^stliiis* xstso 
its i?lca of tliis Issppc^ta^io i t So t%3^tQ» Poo t ^p l ao i i ^ f ^ ) tsy 
*a « « ** (43,^) / ^ C I ) 4 C I / f Ott) sis » as) dt 
t 
5?1IGU i t f oUaoo fchot 
3B 
ttaasfoas of g, 
« / J(f Co)) a« / ^ t | > t*^ ©la t t t 
1 / f %) |<f C«J)> ae / "$'Cfe)^*'^  04a t m 
10 / ^ f > $ Cf(«)) an 
f bye Otti? timcssesft 1» jprorod. 

37 
5^1 lot t fE) i>o II tmimt^n ialcft i tela la tteg &mm &t 
©« tte^ sic»*^ 9^a!j|.iBf© t ia l f - i l ie i nsft i?Batl^'t«^ antsr ^  ijit^ or ig in 
0 <*" 0 » ** «* 
38 
nati-^ecraseiRg ena s^ls?fFit^ < (^o) * o ana l i s #Ct) «» « . 
tJe <SeB-©te "fey !f f^e© d a g s of QrtSos fiaoctrloa f *.Jds 
** f&eT0 osist a <^ oa®G« feoufeian A ^ X > i and o < a < l , 
©eeB ISsat t^ © icieQur^lty A(u) ^ $^Ca) ^ X A (u) bold© ffsi* a l l u.** 
E SL^  S in I S 
J' 
i s a Fourier jmfl@« of tntmttmi |Cs) € I»^ p Co» 2ti>aili6i?0 C'^ a)jj 
iQ til© t^l i QSdt^33tle OSOG of ^©jj*^ a©fills6 US 
I t can IJH ftasll^ sees that ttm CQwmrm ^ Ear^ *«i t!i<?oresi 
Xn aot tr!!« i s geiaoral.* Cos? a asturca qijefs-^ iofj arlmB t 
39 
T>0 tfcck Btjurt^y i^ esrlot #f a finestl«a- ^CIE ) € Xpfe^ ^)« dfeeim » > X 
saA Ctft)^ ** 4 ^ j ^ ^ 
° ml tspt^ ^ 
5«4 B&r f^ea pi^ t)!£ of OUT ^ o8«ci 1 c:^  soqtoies tlio folli»t7liag locr^^, 
10 
Hetic© fey tlie leswa «?0 foava 
n 
M-09 sioee 
% • 
30 t t l { ^ 
*» . ^ «* 
1 ^ » i ^ ^ 
a? fe^ tlie efJBS^i^cag^ of 
G» 
Ifettis® bj^ Xosiia m i^mvw& thsfe £ ajj_ cos «c i s th© louifies' 
41 
aeri©!? of a fiaicllofi feelooslc^ to ## p > t , ?h%^ piwires tt& 
'» Of^ F i f »* parfc #xite *•!€*» part te a part feci cse ea«:© -af 
CO 
fM ^ l^i^t^) If aM ©sty If £ iT^ §(» a^ )^ < «* ^ s m 
ffe Ic^da toolfe f» 9lm «0E1»S also, 
lefflia 3 . If ^u 4^ ® ^®^ **^ ot>nBrei^ @«c^  of 
<» 
Proof* Ue bmiK3 
1 OT '^^ ^^ ^ 
'5 
4 9 
m> that 
s $Cii (^a)^)a"^ ^ >: §<» a^) a ^ 
diss liesse© tlw i!0«HJlt fol.lo«e. 
5,7 32SSmJLl»£Jiie-.ttoafflCSa» ^e steall e«i!f o«t tt!» proof for tftt© 
eefftoteu!? pas* oal^t tfc® i^?t3&f of tfi© f^cssssf^ p-^ »l tjiei^ 
"laeo « .^ 4^o If folloi^ tbsS Cl^)u 4'^* Hcsi^ Ijy le^a-a 2 
Ret ^ 
i© ttm fbeieior s^ifiee of a f«iat4cm ^loi3^.f^ to class %(0t*£)* 
?fel9 0OS5pl0t<i8 ttie pf^ frf* of tbe tti®>ie©n» 

4.^ 
thm flsm -of^ a? 0f f 1^ aaf ima toy 
^ CM ) « " Step I If fe^t > « f <IE) I L 
©^  f Sji. I;^ » A l l e l i c fl] hm psti-m% thm tAlimim ttmsf^^» 
' ^©i^^ 4, If p > I ana tfee @©^u<!iiiQe ^ ^ } Qsor^a^oe 
soatotoaisallir to seto and anti^fles S 1c^  ©?<«»» ttien 
• 
• B 
pirovea tfcat tb© »©g«ltlisg boiaM for f|. <| t f ) tesflo t© ^ r o . 
44 
fh« at© ©f tlii® ©Setter lu feo csftiow fetet tlio resultii® h^tum 
f0-r t^C| ff) ttss^B tcr @©3e©# if ^ s^^l^e % •^ i^ S^' ^ the teas 
i ^ S ^ ^ , 3 ^ S 1^^ fee- a 6-<i^i0i-^i0i3olPtj^e ^©^©tic® tMh 
^ 1 I: 
if 
\ A l o g a f3-% «» Qe^  
lioXddt tsti^ a ttie f^sultif^ lioiiaa fer ?^C| ,f > tesa© to ©©so, 
6.4 Foir tt30 proof of ttm tbecafena «?» »»q^ii:^ tllo ITotle i^is© 
li&isDa 1* Ii©t ^ a^j "be a a-jacQei'-e^ oGOtoEfeo ssQue&Qo with 
" k a. < «»» If t ^ % log k < «», tliea z mJs, t® coiivei^ent* 
1 ^ I i£ 
45 
Ecaas. i - ^ "1 I i j , . ^ * ^ 1 
&=% ^ ' t3«fe 
« i 
^ E I £ I AIL, I 
«» I! * 
« S 1 A a r j f £ 4 
e S I A | ^ ( log U* 
11=1 
b r thB HTPOtlL o^le ^la febo fast that t n B^ < ^ istpUm t6^ Im o< **. 
on imsfsaali^ ctQceEKse, 
o a. 
eeot^nee d ^ 2 k fi^- < ** sucfe the* t - - 1 < *=» # ma so by 
irtrtoc of OL], {^ Oif} i s of tjimsa©S "Wariatioti. Ssoo© i t 1© clbtrioii© 
t»y H] ttet C6,5«2> Imiao. Hem t?© fi»>i3 tt»t t!i<> Kisoltlns bouaa 
4B 
fo r Wi ( \ f f ) tends t o ze ro . 
Since $%j} iis a S-quasi-raonotone sequence ana s a t i s f i e s 
£ . J 3 < « , SO the second term of (6 .5 .2) i s c l e a r l y n u l l . 
k=l 1c 
How we consider the f i r s t term. By iemma 1, C B . 3 , 1 ) holds only if 
CO 
(P .5 .1) ^ ^ \ * ^k+l^ log k < «» . 
In fac t (6 .5 .1) follows by p a r t i a l sutnmatiojti, 
I©t e > 0 and choose k such tha t 
ISO 
S (\ " ^+3.) log k < e , for all M 2 k -, 
By partial summation, for 0.-2 2 k, we have 
log n n-l log a f n~2 
n n 
r ~2 1 
log n T p-1 
n-2 k "1 
•»- £ (a^ ^^ su.., )log k +(n-l)a„ n [ 
p ^ ^*^ log k *^  -^  J 
log n r n€ T 
^ -^ A + + (n-1) a_ J 
n L log n ^ ^  J 
A log n 
^ + e -»• B log (n-l) a^ ^^ ^ . 
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»G^a^34 piistial sttsQfaatisa la® <sfe«er^ tteit foi? k « a^l^a.^,,. 
(7,1.1) 4 ,«^\-Jp«SA V,^''^ ^ V i - j 4 ' ^ i ^ V 
aca i t i s said t«5 to© <|i2Siei-|^l^s«os:9ex ©f 5>ra®y h if 
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C7*1.«25 f fe) « E «L^  ©OS «K 
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% ( - ^ • f ) ^ 0 C a^ ) 
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O o 
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Cii) Stt^a 
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m ctotaift for fe 2 o 
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fcy vlttm ot tfm ttji^oHiesis tfc© laet tess c^ v&^t fcaria ^lae 
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Integrability of RESS-STANOJEVIC'S Sums 
By S. Zahid Ali ZAINI and Sabir HASAN 
Abstract: In this paper a genevdlization of a theorem of Ram [4] 
has been obtained. 
1. A sequence {a } of positive numbers is said to be quasi-monotone 
-aa 
if ha > for some positive number a. It is obvious that every 
n n '^ ' 
null monotonic decreasing sequence is quasi-monotone. A sequence {a } is 
said to be (i-quasi-monotone if a -»- 0, a > 0 ultimately and Aa s -6 , 
^ n n n n 
where {5 } is a sequence of positive numbers. Clearly a null quasi-mono-
a a 
n tone sequence i s 6-quasi-monotone with 6 = . 
^ ^ n n 
A sequence {a } is said to be convex if t^a > 0 , where A^a = A a 
n n n n 
- Aa , and Aa = a - a , . I t i s s a i d t o be quasi-convex i f 
w+1 n n w+1 ^ 
CO 1 2 1 
E (w+l)|A a I <-«= . The concept of quasi-convex sequence was generaliz-
n=l ^ 
ed by Sidon [ 6 ] . A sequence {a } i s sa id t o belong to class S, or 
{a } e S, if a ->• 0 , as n -* ^ , and t h e r e e x i s t s a s e q u e n c e of n u m b e r s 
n n 
{A,} s u c h t h a t 
(a) 4^ + 0 . 
( 1 . 1 ) (b) ? A, < "o , and 
k=l f^ 
(c) |Aa, I < A , for all k. 
By taking A.. = Z |A a | , we obseve that every null quasi-convex seq-
ence {a^} belongs to class S. This class S of sequence has recently 
638 
been further generalized to the class S(a) by Singh and Sharma [7], by re-
placing the condition (a) of fl. l) only by: 
Ca') {4^} is quas-monotone. 
We say that {a^}e5(6) if (i. i) holds with the condition (a) replaced 
by: 
(a") {A,} is 6-quasi-monotone and E ^ 6, < « . 
Thus, in view of the above definitions it is obvious that 5 c 5(a) cSiS). 
2. Recently, Rees and Stanojevic' [5] (see also Garrett and Stanojevic' 
[3]) introduced the modified cosine sums 
1 n n n 
(2. 1) g (x) = J T. ^a, + I lAa.coikx 
and obtained a necessary and sufficient condition for the integrability of 
the limit of these suras. 
Very recently. Ram [4] proved that the condition 5(a) is sufficient for 
integrability of the limit of (2. 1). His theorem is also as follows. 
Theorem A (Ram [4]). Let the sequenae {a } satisfy aondition 5(a) . 
n n 
Then g(x) = tun 1 { rr ha. + I ha.coikx } exists for xe (0, IT) 
and g {x) € L {0, T\'). 
The object of this paper is to show that condition 5(6) which is most 
general is sufficient for the integrability of the limit of (2. 1). 
3. We are going to prove the following theorems. 
n \ n 
Theorem 1. If {a }e5(6), then g{x)= ton E {^Aa, + I ha.doikx} 
n „-».oo j^=i ^ K j^i^ Q 
exists for a;e (0, IT] and g(x) eL{Q, TT] . 
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1 °° 1 Jzfxl 
Theorem 2. Let { a } £ 5 ( 6 ) . Then — E a, 4^n(fe + - ) x = — H exists 
n ''' K=l ^ 
for xe (0 , IT ] , and - ^ ^ « ^ ( 0 , IT) • 
For the proof of the above theorem? we require the following lemmas. 
Lemma 1 (Fomin [2]). If the sequence of numbers {a.} satisfies the cond-
tion I a. I < 1, then 
.„ , n ilnik+ j)x 
r" E a. \ dx < Cin + 1) , 
where C is a positive absolute constant. 
Lemma 2 (Boas [1]). i"/ {a} is a 6-quasi-monotone with T.n S < °° , 
V * Oj then the convergence of E n~ a implies that n a ^ 0 as n -> «>. 
Lemma 3. Let {a.,} be a S-quasi^monotone sequence with E fe 6, < «= . 
'^ k=l "^ 
If T. a. < <^ , then E (fc+1)1 Aa,J 
k=l ^ fe=l " fe' 
< oo 
Proof. By partial summation we have 
n n-l 
E a, = E (?c+l)Aa, + ( n + l ) a - a . 
00 
Now, s ince {a.} i s 6-quasi-monotone sequence and Z a. < <» ^ we h a v e 
/ca. = Oil) , by Lemma 2. Therefore , by t ak ing t h e l i m i t , we ge t 
00 CO 
;^^l'^fe%^l^^^l^n-'^l • 
00 
From which it is clear that E (_?c + l) Aa, converges. Now, 
k=l 1^ 
E ik* l)|Aa, I = E (fe+ 1)1 a, - a , . + S, - 6, | 
^^E^(?c.l)(a^-a^^^ * V * fcE/^^'^^fe 
640 
by virtue of the hypothesis. 
4. Proof of Theorem 1. 
n , I n 
g (x) = t {^ ha., + Y. ha.ao6 kc } 
" fe=l 2 k j = ^ 3 
n I n I 
= E TT- Aa, + l a . aoi kx - a ^D (_x) + -r a , . k=l 2 k ]^-i k K+1 n^ ^ 2 n+1 
Making use of Abel's transformation, we obtain 
n-1 
T. a, D. (x) + a D (x) - a ,D (x) . fe=l k k^ ^ n n^ -^ n+1 n^ 
00 
There fo re , £ ^ gf (a;] = Z ha,D. (x) , by t h e f ac t t h a t £xjri a 0 (x) = 0 
yi-^CO yi k=\ yi ^'^ ^ ^ 
i f X ^ 0, where D,[x) = ^ + co6 x + coi2x + ••• + coi kx . Since {a } 
00 
i s 6-quasi-monotone sequence and {a-} €-5(5) —, •we~have ~ E ~| Aa, I < <» , and 
^. ^ - - ' n fe=0 '^  
1 1 1 °° 
s ince | D, ( x ) | =(?(—) i f a ; ? * 0 . Then t h e s e r i e s E ha,D.{x) c o n -
v e r g e s . Hence £i?i g' (x) e x i s t s fo r x ^ 0. 
yi -^ oo yi 
Making use of Abel's transformation and Lemma 1, we have 
g{x) \dx = \ E A a, a (a;) ox 
r 77 00 AQJ, , 
Jo ' fe=i fe ^z, ^i*- ' ' 
r 77, °° k '^^ •^ , 
E A/4, E — r ^ D. [x) dx 
\ ' fe=l fcj=0 ^ j ^ 
< E A4, f E -r^ DAx) \dx 
641 
< c I (?c+ 1 ) AA, 
fe=l ^ 
by virtue of Lemma 3. This completes the proof of Theorem 1. 
5. Proof of Theorem 2. From (5. 1), we have that 2 iln j gioc) = ?z(x), 
Hence from Theorem 1, it follows directly that —^^^^ exists for xe (0, IT] 
and ^ ^ ^ e 1(0, TT) . 
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A Note on a Bound for the Integral 
Modulus of Continuity 
By S. Zahid Ali ZAINI and Sabir HASAN 
Abstract: The aim of this note is to show that the resulting 
bound for V,[ ~if) tends to zero if we replace cu^Q i>y 
the less stringent {a,} to be 6-quasi-monotonio. 
1. Introduction. If / is a function with period 2IT which is in L 
for some p- 1 , then the integral modulus of continuity of the first order 
of f is defined by W [h, /) = iap I  f{x^t) -f{x) I where I • I de-
notes the norm in L . 
P 
A sequence {a-,} is said to be S-quasi-monotone if a, •+ 0, a, > 0 ul-
timately, and Aa, > -6, where {6,} is a sequence of positive numbers. 
Throughout this paper the letters A, B, with subscripts will denote a con-
stant not necessarily the same at each occurance. 
Concerning integral modulus of continuity of the first order of f in L , 
Aljancic [1] has proved the following theorem. 
Theorem A (Aljancic). If p>l and the sequence {a,} decreases mono-
E tonically to zero and satisfies ^ ^ fe^ aP < >» , then 
644 
Rees [3] extends this theorem to the case p = 1 and shows that the re-
sulting bound for W i—^f} tends to zero. 
Theorem B (Rees). Let {a,} be monotoniaally decreasing sequenae of 
positive terms such that I -r^ < '^ , then 
1 '^  
Tj A V, ^ A £o.q n ^l^ „ ? 3L 
k 
The object of this note is to show that the resulting bound for Ki — ^f) 
tends to zero, if we replace <\'^ 0 by the less stringent {a,] to be S-
quasi-monotonic. We establish the following theorem. 
Theorem 1. Let {a, } be a & -quasi-monotonio sequence with Z fefi-, < <=°j 
such that 
(1.1) Z ^ < CO . 
If 
(1. 2) y(i.f) . ^  J££ilVa, ^ BI^ 
holds, then the resulting bound for wA—,f) tends to zero. 
2. Proof of Theorem. 
For the proof of the theorem we require the following lemmas. 
Lemma 1. Let {a,} be a S-quasi-monotone sequence with Z kd-, < <» . 
00 OD (>L 
If Z ha. tog fe < °° J then Z -Ji- is convergent. 
00 I Oj , I CO j^ CO 
Proof. Z -L ^' = Z ^ E A a 
^ I k k=\ ^ m=k m ' 
00 T 00 
< Z f E, Aa 
•k=l k m=k m ' 
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I 1 ^ 1 
< £ A a„\ log S 
iV=l ^ 
Aa^ I < Aa^ + 26^ , w h e r e The 6 -quas i -monoton ic i ty of [a,] y i e l d s 
6„ i s a sequence of p o s i t i v e numbers. HenCe 
00 I CZj, j 00 oo 
Z , < I. Aa„ logN + 2 1 &„ log N < ^ , 
by the hypo thes i s and the f ac t t h a t E r^6^ < " impl ies T.6^loq,n < " . 
Lemma 2 (Rerfce»'kS(Sn) j / t^g sequence {a^ is ^-quasi-monotone and 
T. a, h(^, < «> J then a,^, -*• 0 , where {<f^ } i s an increasing sequence. 
Proof of Theorem. Let ( a } be a 6-quasi-monotone sequence wi th E k6^ 
< °° such t h a t E _ ^ < °° , and so by v i r t u e of [2] {a, } i s o f b o u n d e d 
k=l k '^ 
variation. Hence it is obvious by [4] that (1. 2) holds. Now we show 
that the resulting bound for WA - , f) teflds to zero. 
oo a-. 
Since { a, } is a5-quasi-montone sequence and satisfies E _JS_ < «> , so 
the second term of (1. 2) is clearly null. Now we consider the first term. 
By Lemma 1, (1. 1) holds only if 
00 
(2. 1) E (a^- a^^^)logk < oo . 
In fact (2. 1) follows by partial summation. 
Let e > 0 and choose k such that E ((^ - a^^^ )-&og fe < e for all 
M 
M > k. By partial summation, for n - 2 > k , ve have 
= -^i^i\a^-a^.in^^fia^.a^^^nogk-^ 
- (n-l)a^_^ } 
646 
< JMIL{A ^ V ^ ^ + (n-l)a , } 
^ A -^^^ + e + Blog (,n - 1) a , 
Thus the first term of the bound will tends to zero if a toQn = o(l) . 
CO a ^ 
Since by hypothesis E —rr- < <^ , then from the fact that {a, } is 6-
quasi-monotone, we have 2 Sj-^og k < "> , (implied by the hypothesis that 
Z /c (S, < <» .] Hence a tog n = o(l) as n ->- "° by an appeal to Lemma 2, 
taking (ji = tog n . This completes the proof of the theorem. 
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